A method of numerical conformal mapping of curved slit domains by the charge simulation method  by Okano, Dai et al.
Journal of Computational and Applied Mathematics 152 (2003) 441–450
www.elsevier.com/locate/cam
A method of numerical conformal mapping of curved slit
domains by the charge simulation method
Dai Okano∗, Hidenori Ogata, Kaname Amano
Department of Computer Science, Faculty of Engineering, Ehime University, Bunkyo-cho 3,
Matsuyama 790-8577, Japan
Received 1 December 2001; received in revised form 30 May 2002
Abstract
In this paper, we propose a method of numerical conformal mappings from a domain with a curved slit
onto the canonical slit domains. Our method is based on Amano’s method, which uses the charge simulation
method as a rapid solver for potential problems. Due to the potential solver, his method gives high accuracy
in many cases. The basic idea of the preceding method is to provide an approximation of harmonic functions
by a linear combination of the complex logarithmic functions, g(z) =
∑
j Qj log(z− j), where the singularity
points j are placed outside the problem domain. However, there are some di2culties on applying it to the
problem domain with corners on the boundary, and the problem domain without enough space to place the
singularity points properly. The problem domain with a curved slit is a typical example of such a di2culty. A
technique we provide here is based on use of the Joukowski transformation. It inherits all the good properties
of the original method. We show the e5ectiveness of our proposal by some numerical examples.
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1. Introduction
In this paper, we provide a method of numerical conformal mapping from the multiply connected
domains, which have a curved slit in one of the boundary curves, onto the canonical slit domains
of Nehari [5].
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Our method is based on the methods proposed by Amano et al. [1,2], which use the charge
simulation method as the solver for the potential problems arising from the problem of conformal
mappings. Due to the potential problem solver, Amano’s method o5ers good approximations if the
boundary conditions are smooth. On the other hand, the method has some di2culties on applying it
to the problem with the corners on the boundary, and applying to the problem domains exterior to
thin areas. The problem domain exterior to a curved slit is a typical example in which the preceding
method has a di2culty.
First of all, we give a brief instruction of Amano’s method in a modiFed way. Our explanation
is given for the problem of obtaining the conformal mapping function from the given multiply
connected domain onto a canonical parallel slit domain. We here call an entire complex Feld with
rectilinear slits which are parallel to each other a canonical parallel slit domain.
Suppose we have closed Jordan curves C1; : : : ; Cn on z(∈C)-plane and none of them are surrounded
by the others and have no intersection. DeFne the problem domain D as the exterior to the curves,
i.e., D is an unbounded domain and includes inFnity. Let S be the canonical parallel slit domain on
w(∈C)-plane which has n parallel slits with common angle , and w=f(z) the conformal mapping
function which maps D onto S.
S and f(z) exist, and are uniquely determined under the normalizing condition that the Laurent
expansion at inFnity takes the form of
f(z) = z + a0 +
a1
z
+
a2
z2
+ · · · ; a0 = 0; (1)
i.e., f(∞) =∞, f′(∞) = 1, and the constant term of the function is zero. Then, we rewrite the
mapping function as
f(z) = z + eii(g(z) + ih(z)) (2)
with a harmonic function g(z) and its conjugate pair h(z). This reduces the normalizing condition
as
g(∞) + ih(∞) = 0: (3)
And by the − rotation around the origin, the imaginary part of exp(−i)f(z), z ∈Cl holds constant
pl over each l= 1; : : : ; n, i.e.,
Im(e−if(z)) = Im(e−iz) + g(z) = pl; z ∈Cl; l= 1; : : : ; n: (4)
The constants p1; : : : ; pn, which represent the positions of the slits, should be determined together
with the mapping function.
Now, the problem of computation of conformal mapping onto the canonical parallel slit domain
resolve itself into a Dirichlet problem of the conjugate harmonic functions. We use the charge
simulation method, which is a fast potential problem solver well known by its high accuracy on
solving the Laplace equation with smooth boundary conditions. The method is based on an idea of
composing an approximation by a linear combination of the fundamental solutions of the given dif-
ferential equation. The weights of each fundamental solutions are determined to satisfy the boundary
conditions collocationally. Here, the harmonic functions g(z) and h(z) are approximated by
g(z) + ih(z) ∼ G(z) + iH (z) =
n∑
l=1
Nl∑
j=1
Qlj Log(z − xlj); (5)
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where the charge points xlj for l= 1; : : : ; n; j = 1; : : : ; Nl are placed outside the problem domain D,
and each Nl of the charges are surrounded by the boundary curve Cl. Then, the boundary conditions
(4) at the collocation points ymk on Cm for m= 1; : : : ; n; k = 1; : : : ; Nm,
(G(ymk)− Pm=)
n∑
l=1
Nl∑
j=1
Qlj log|ymk − xlj| − Pm =−Im(e−iymk); (6)
are required to be satisFed, where Pm are the approximation of pm. And requirement from the
normalizing condition and the single-valuedness of the mapping function in D,
Nl∑
j=1
Qlj = 0; (7)
is needed. The undetermined variables, Qlj and Pm for l; m = 1; : : : ; n, j = 1; : : : ; Nl are determined
by Eqs. (6) and (7). We obtain the approximation of the conformal mapping function f(z) by
F(z) = z + eii
n∑
l=1
Nl∑
j=1
Qlj Log(z − xlj): (8)
Similar formulations by the harmonic functions and the applications of the charge simulation
method are available for other types of canonical slit domains of Nehari [5], which are the circular
and radial canonical slit domains [2].
We here used the notation “Log” as the principal value of the multi-valued function log. Although,
naive substitution of the imaginary part of the logarithmic functions by the argument function, whose
value is restricted within [− ; ], causes the approximated mapping function to have discontinuous
gaps on rectilinear line between the charge points and the inFnity. To overcome this di2culty,
Amano has provided some transformation techniques, by which the gaps are excluded out of the
problem domain. We have used one of the procedure in the numerical examples shown later.
2. Problem domain with a curved slit
Suppose one of the boundary curves is substituted by a smooth curved slit, let it be C1 here. All
the arguments on g(z) and h(z) in the introduction hold as they are. But, there are some di2culties
on applying the charge simulation method. First of all, there is no place for the charge points
x11; : : : ; x1N1 which are supposed to be located inside C1. And moreover, since the mapping function
has singularity at the endpoints of the slit, the linear combination of the logarithmic functions may
not o5er good approximation. However, for such cases, the technique of placing the charge points
on the other Riemannian surface beyond the cut C1 can be used [4].
To apply the technique of Riemannian surface to the problem of conformal mapping, we use the
premap function based on the Joukowski transformation. As shown in Fig. 1, by the premap function
= (z), we “open” the slit C1 into C˜1. And D on z-plane is mapped onto D˜ on -plane. On -plane
we have enough space to place the charge points inside C˜1, and will be able to obtain numerical
conformal mapping function w = F˜() by Amano’s method. If the premap function satisFes the
normalizing conditions, the composed mapping function w = F˜( (z)) may o5er an approximation
of f(z).
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Fig. 1. Premap for the problem domain with a slit.
3. Premap function for the domain exterior to a curved slit
Suppose n=1 and the problem domain D is C\C, where C is a smooth curve with its endpoints
at z1 and z2. Then the Joukowski transformation
 ±(z) = 12(z ±
√
z − z1
√
z − z2) (9)
is available. And, we can provide a patched conformal mapping function (z) made of  ±(z) which
is continuous on D and satisFes the normalizing conditions.
Actually, for C as an upper half arc of the unit circle on z-plane (Fig. 2), (z) would be deFned
by the ordinary implementation of square root function SQRT(z) =
√|z| exp(iArg z=2) as
(z) =


z − SQRT(z − 1)SQRT(z + 1)
2
; z ∈D∗ ∪ (−1; 1);
z + SQRT(z − 1)SQRT(z + 1)
2
; z ∈D \ (D∗ ∪ (−1; 1));
(10)
where D∗ is an interior of the half disk, which is bounded by C and the rectilinear interval [−1; 1].
You should not substitute SQRT(z2− 1) for SQRT(z− 1)SQRT(z+1), otherwise the judgment will
be more complicated.
For arbitrary given curved slit C with its end points z1, z2, the premap function (z) would be
(z) =
1
2
{
z − (z2 − z1)SQRT
(
z − z1
z2 − z1
)
SQRT
(
z − z2
z2 − z1
)}
−  0; for z ∈D∗ ∪ (z1; z2) (11)
=
1
2
{
z + (z2 − z1)SQRT
(
z − z1
z2 − z1
)
SQRT
(
z − z2
z2 − z1
)}
−  0;
for z ∈D \ (D∗ ∪ (z1; z2)); (12)
where D∗ is a subdomain of D, which is bounded by C and the rectilinear interval [z1; z2]. The
constant  0 is determined so that the premap function (z) satisFes the same normalizing condition
of the conformal mapping function f(z). For the problem of the conformal map onto the canonical
parallel slit domain,  0 =−(z1 + z2)=4.
By the premap function (z), the potential problem on D is rewritten into the problem on -plane,
and we may have enough space to place the charge points over there.
Now, we can use Amano’s method, and the approximation of the harmonic function will be
G(z) =
N∑
j=1
Qj log|(z)− j|; (13)
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Fig. 2. Premap function for a semi-circle with radius 1 and center at the origin.
where the charge points 1; : : : ; N are placed on -plane inside the closed curve which is a mapped
image of C by (11) and (12). Since the premap function (z) of (10) and (12) satisFes the normal-
izing conditions, the approximated mapping function,
F(z) = (z) + eii
N∑
j=1
Qj log((z)− j); (14)
is obtained by solving the linear equations,
N∑
j=1
Qj log|k − j| − Pm =−Im(e−ik);
N∑
j=1
Qj = 0; (15)
where the collocation points 1; : : : ; N are placed on the boundary curve in -plane.
4. Numerical examples
In this section, numerical examples are shown for some typical boundary conditions. All the
computation given in this section is done by the double precision calculation on a COMPAQ personal
workstation 500 au with DIGITAL Fortran V5.0.
4.1. A domain exterior to a rectilinear slit
For the problem domain D with a rectilinear slit C which has endpoints at z0 ± 1,
C = [z0 − 1; z0 + 1]; z0 = 2 + i;
we have a Joukowski transformation, which Fts the problem,
(z) = z + SQRT(z − z0 + 1)SQRT(z − z0 − 1)− z0: (16)
Since the mapped image of D on -plane has a circular hole of radius 1 with its center at z0,
it is natural to provide the charge and collocation points equally on the circular boundary and a
concentric circle in -plane,
k = z0 + exp 2i
k − 1
N
; j = z0 + q exp 2i
j − 1
N
; (17)
for j; k = 1; : : : ; N , where 0¡q¡ 1 is a position parameter for the charge points (Fig. 3).
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z-plane ς-plane
Fig. 3. Charge and collocation points distributed equally on concentric circles in -plane (N = 32; q = 0:5).
parallel ( =  / 2) parallel ( =  / 4)
Fig. 4. Canonical slit domains for D exterior to the rectilinear slit.
By using the charge and collocation points (17), we applied Amano’s method to obtain the
conformal mapping function from -plane of Fig. 3 onto the canonical slit domains of Fig. 4. The
square grids on the problem domain on z-plane of Fig. 3 are mapped onto the canonical slit domains
as in Fig. 4 by the composed mapping function (14).
For this example we have the exact solution of the mapping function, and the position of the slit,
f(z) = (z) + ei2=((z)− z0); p= Im(e−iz0): (18)
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Table 1
Error estimation for the domain exterior to the rectilinear slit ( = =4)
q N EF EC EA ES Cond.
16 2:2× 10−11 2:2× 10−11 2:2× 10−11 1:1× 10−16 3:1× 107
0.2 32 8:5× 10−15 8:2× 10−15 8:1× 10−15 1:1× 10−16 4:1× 1013
64 2:9× 10−14 2:9× 10−14 2:9× 10−14 7:8× 10−16 9:2× 1018
128 4:2× 10−14 4:0× 10−14 4:1× 10−14 1:2× 10−15 7:4× 1019
16 9:8× 10−6 9:5× 10−6 9:5× 10−6 2:2× 10−16 2:5× 104
0.5 32 7:4× 10−11 7:3× 10−11 7:3× 10−11 2:2× 10−16 2:3× 107
64 2:7× 10−14 2:7× 10−14 2:7× 10−14 2:2× 10−16 5:1× 1012
128 3:7× 10−14 3:6× 10−14 3:5× 10−14 1:1× 10−15 3:8× 1019
Cond.: condition number of the coe2cient matrix.
Table 1 shows the error estimation by the indexes,
EF =max
z∈C
|F((z))− f((z))|; (19)
EC =max
z∈C
|Im(e−iF((z))− p|; (20)
ES = |P − p|; (21)
EA =max
z∈C
|Im(e−iF((z))− P| (22)
where P is an approximation of p. The estimated errors are very small even for the results by
N =16; 32. Improvement of the approximation by increasing N seems to have been saturated to the
limit of double precision calculation.
Although the errors are small, the condition numbers of the coe2cient matrixes of the linear
equations to be solved (15) are very large as seen in Table 1. Some of the amounts are larger than
1016. It tells that the perturbations of the boundary conditions, which are inevitable due to the number
system, may be propagated to the solutions of the linear equations with the destructive magniFcation.
Also for the rest of the cases, we can say that the problems are severely ill-conditioned.
This kind of results are frequently seen in the application of the charge simulation method. In
general, the coe2cient matrix of the charge simulation method is dense and its condition number
tends to grow exponentially with respect to N . On the contrary, errors of the approximation decline
exponentially with respect to N . And the ratio of the multiplication are related with the arrangement
of the charge and collocation points. In general, if the charge points are placed far from the boundary,
the ratios of the condition number increase and error decline are large. This means that we should
determine the arrangement of the charge and collocation points carefully.
Kitagawa [3] studied stability of the charge simulation method by precise analysis on the mecha-
nism of the propagation of the perturbation in the boundary conditions. His results tell that, in some
cases, we can obtain high accuracy despite the severe condition numbers. The arrangement of the
charge and collocation points we have used in the example o5ers the coe2cient matrixes close to
the ones that Kitagawa attained good results.
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4.2. A domain exterior to the semi-circles in combination
The next example is a problem domain with a slit made of four semi-circles in a row, which are
connected at their end points,
C = c1 ∪ c2 ∪ c3 ∪ c4;
cj = {z | |z − z0j|= 1=4; Im(z − z0j)¡ 0}; j = 1; 3;
={z | |z − z0j|= 1=4; Im(z − z0j)¿ 0}; j = 2; 4;
z0j = j=2 + (i + 3=4):
To provide the collocation points for this problem domain we used the Joukowski transformation.
Suppose zjk (j=1; : : : ; 4; k=0; : : : ; N ′) are the points placed equally on each semi-circles (z-plane
of Fig. 5),
zjk = z0j + 14 exp(−ik=N ′); j = 1; 3; k = 0; : : : ; N ′;
= z0j + 14 exp(ik=N
′); j = 2; 4; k = 0; : : : ; N ′: (23)
We use the mapped images of zjk by the premap functions (11) and (12) as the collocation points.
Neglecting the duplication, we will have 8N ′ of points on the boundary in -plane of Fig. 5.
Let the collocation points have numbers as 1; : : : ; N (N = 8N ′) so that they would trace the
boundary in a positive direction by this order. The following rule is useful for smooth boundary
curves to generate the charge points:
j =
j+1 + j−1
2
+ qi
j+1 − j−1
2
; (24)
for j = 1; : : : ; N , where 0¡q is a position parameter.
Then, we use 1; : : : ; N as the charge points, and 1; : : : ; N as the collocation points for Amano’s
method to obtain the numerical conformal mapping function from the domain on -plane of Fig. 5
onto the canonical slit domains of Fig. 6.
The mapped image of the square grid on the problem domain on z-plane of Fig. 5 onto the
canonical slit domains are shown in Fig. 6.
Since the exact solution is not available for this example, we show the error estimations in
Table 2 only by EA, which represent the amount of the deviation from the approximated canonical
slit.
5. Concluding remarks
We have proposed the method of numerical conformal mappings from the problem domain with a
curved slit onto the canonical slit domains. We provided the premap function which maps the problem
domain with a smooth slit onto a domain exterior to a smooth closed curve. The premap function
enable us to apply the charge simulation method to obtain the approximation of the conformal
mapping function.
Since the singularity of the mapping function at the boundary are taken up by the premap func-
tion, discussions on approximated mapping function will be common with those for the ordinary
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z-plane ς-plane
Fig. 5. Charge and collocation points generated on -plane from the points distributed equally on z-plane (N =64; q=0:5).
parallel ( =  / 2) parallel ( =  / 3)
Fig. 6. Canonical slit domains for D exterior to the rectilinear slit.
problem domains. That is, the error behavior of the approximation mainly depends on that of the
approximation by the charge simulation method on -plane.
Thus, all the good properties of the preceding method, which is due to the charge simulation
method, may be inherited to our method. The numerical results show the basic e5ectiveness of our
proposal.
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Table 2
Error estimation for the domain exterior to the four semi-circles in a row ( = =4)
q N EA Cond. q N EA Cond.
16 1:8× 10−1 2:9× 103 16 2:5× 10−1 1:7× 104
0.5 32 8:3× 10−2 3:5× 106 0.8 32 3:6× 10−2 1:3× 104
64 3:5× 10−3 3:9× 1010 64 1:3× 10−2 1:9× 108
128 1:8× 10−2 6:6× 1019 128 5:6× 10−3 4:1× 1015
Cond.: condition number of the coe2cient matrix.
Although, the explanation and the numerical examples are given for the canonical parallel slit
domains, the method is applicable to other types of the canonical slit domains as shown in [1,2].
The method is also applicable to the multiply connected domains with a slit without signiFcant
modiFcation. But for the multiple slits, iterative transformations are needed to obtain areas for all
the charge points, which make the actual calculation of the premap function very complicated.
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